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Abstract 

In this work we introduce a mapping between the so called de- 
formed hyperbolic potentials, which are presenting a continuous in- 
terest in the last few years, and the corresponding nondeformed ones. 
As a consequence, we conclude that these deformed potentials do not 
pertain to a new class of exactly solvable potentials, but to the same 
one of the corresponding nondeformed ones. Notwithstanding, we can 
reinterpret this type of deformation as a kind of symmetry of the 
nondeformed potentials. 
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In this work we are interested in analyzing the so called deformed hyper- 
bolic potentials, as introduced by Arai [1] some years ago. We intend to show 
that this interesting idea should be reinterpreted as a kind of parameter scal- 
ing symmetry of the model. The deformed hyperbolic functions introduced 
by Arai [1], are given by 

6 X — Q €~ x 6 X -\- q 6~ x 

sinhg (ax) = ,cosh g (a;x) = . (1) 

Z Z 

In fact, we show here that by doing a convenient translation of the spatial 
variable, one can transform the deformed potentials into the corresponding 
nondeformed ones. 



sinhg (ax) = y/q sinh (ay) ; cosh g (ax) = y/q cosh (ay) (2) 

where 

x = y+-]n(y/q). (3) 
a 

As examples, we are going to explore some cases of a growing list of models 
and works devoted to this kind of deformation [1]-[19]. Let us first examine 
the deformation of the Rosen- Morse potential, used usually to treat molecular 
interactions, as studied by Egrifes et al [2], and another one connected to it. 
They are given respectively by 

Vg (x) = B tanh g (a x) — U sec h 2 q (a x) , (4) 

and 

V" ( x ) = TT ( X + tanh 9 ( a x ^ + T ( l + tanh ' ( a ^) • 

Z 4r 

In fact, the first of the above potentials was recently considered in a study 
of the Klein-Gordon equation [19]. 

It is easy to check that, by performing the above defined translation (3), 
one recovers the corresponding nondeformed potentials: 

Vg (y) = B tanh (ay) - ^ sec h 2 (a y) , (6) 

and 

y" (y) = y (i + tanh (« v)) + x i 1 + tanh2 ( a y)) ■ w 
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For the first case, we see that the deformed system is nothing but a 
translation with a corresponding parameter scaling of the well known Rosen- 
Morse potential. This shows that there exists a symmetry connecting the 
Rosen-Morse potential with different coupling parameters. In other words, 
apart from a shift of the minimum of the potential, the energy spectrum of 
the potential for different parameters is exactly the same. Regarding the 
second potential examined in [2], there is even no change of the potential 
parameters, as can be observed in the figures appearing in that paper. 

By starting with the original form of the Rosen- Morse potential [20] , 



V RS (y) = Stanh (£) - C sec h 2 , 



(8) 



and identifying the parameters: d — -. Then, performing the translation 
y = x — ^ In (y/q), we obtain the following transformed potential 



C 



Vrs (x) = B tanh (ax) sec h 2 (a x) = V 1 (y) , 



(9) 



so that, in order to complete the connection, we must have that 

B = B , C = U . 



(10) 



In other words, we just need to change B by B , C by ^ in the expression 
of the energy obtained in [20]. So we obtain 

2 



E„ 



1 

"4 




-9 (2n + l) 



+ 



Bl 



(4^ + ^-5(271+1) 



2 ' 



where g 



h 2 a 2 
2M 



(11) 

. From above, we can see that changing the potential pa- 



rameter Uq and correspondingly choosing a convenient modification of the 
translation parameter q, we recover the same energy spectrum. 
On the other hand, the corresponding eigenfunctions become 

ij n (x) = N n e~ aax cosh- b (ax) x 

xF (-n, (47+ 1)3 - n - a + b+ 1; - [1 + tanh (a x)]j , (12) 
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where N n is the normalization constant which we will not specify, once it 
is not necessary for the purpose of the present work. Furthermore we have 
defined, 



a=-g 



-2 



B , / 1\2 1 



7 + jj -n-J (13) 



(47 + 1) 2 -2n-l 

and 7 = g~ 2 C. Now, by doing our convenient translation we recover: 

^n(y) = N n q^e~ aay cosh- b (ay) x 

xf|-K,(47 + lp -n;a + 6+l;^[l + tanh(ay)]) . (14) 

For the other hand, we can also discuss some other cases of the increasing 
list of works discussing such kind of deformation. For instance, we can cite 
two recent works [12], [16], which treat a five-parameter exponential-type po- 
tential model, both in nonrelativistic [12] as in the relativistic Klein-Gordon 
case [16]. In particular, they deal with a superpotential with the following 
basic form 



W (x, Ql , Q 2 , Q 3 ) = <2i + -^- q + pj^ e " ( 15 ) 



which, after performing the translation (3) suggested above in the text, one 
ends with 



e 2ax + I • e 2ax + I 



W (x, Q u Q 2 , Q 3 ) =Q 1 + -^-r + (16) 



where one can easily see that a scaling of the parameters eliminates the 
dependence on the parameter q. So, we conclude that there are only four 
independent parameters after the translation. Finally, let us discuss the so 
called generalized Morse potential [11], given by 

V(x) = V 1 e~ 2ax -V 2 e~ ax . (17) 

In this case we perform the following translation 

* = I/+-ln(£V (18) 



a \V 2 



which leads to 



V{x) 




—2 ax 



— e 



—a x 



)■ 



(19) 



From which we conclude that there exists just one effective potential 
parameter, which implies into a symmetry of the parameters, leading to the 
generation of a class of systems with different potential parameters but with 
the same spectrum. 

We could proceed further by discussing many systems presented in the 
references below, with more or less details. Notwithstanding, we think that 
the essential feature present in these potentials, as was illustrated through the 
cases studied here, is that these so called deformed potentials in fact pertain 
to the same class of potentials as the nondeformed ones. They rather indicate 
a symmetry of the system where different potential parameters correspond 
to the same spectrum and do not lead to new physical insights. 
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